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We model the spacetime foam picture by a gas of wormholes in Euclidean field theory. It is shown 
that at large distances the presence of such a gas leads merely to a renormalization of mass and 
charge values. We also demonstrate that there exist a class of specific distributions of point-like 
wormholes which essentially change the ultraviolet behavior of Green functions and lead to finite 
quantum field theories. 
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> ■ I. INTRODUCTION 

o: 

I^H ' It is widely expected that at very small scales spacetime has a foam-like structure [l| and from the very beginning it 

■ was expected that the spacetime foam picture may solve the problem of divergencies in quantum field theory. The most 
^SJ ■ rigorous description of the spacetime foam can be achieved in the approach which uses the lattice quantum gravity 

e.g., see 0,13 and references therein. In particular, it allows to calculate the spectral dimension for nonperturbative 
quantum gravity Q which seems to run from a value of = 3/2 at short distance to I? = 4 at large distance scales. 
However, such an approach requires numerical investigations which are not sufficiently visual. One would like to 
JL. . have a picture in which basic properties of the spacetime foam become more transparent and may allow to control 
numerical investigations. 

. We point out that the spacetime foam structure represents quantum topology fluctuations and roughly it can be 
described by the picture when at very small scales space is filled with a gas of virtual wormholes. Unlike actual 
wormholes virtual wormhole exists only for a very short period of time and at very small scales, and does not obey 
^ ■ to the Einstein equations and, therefore, there are no theorems which may forbid origin of such objects. From the 
\Q [ mathematical standpoint the simplest virtual wormhole can be described by a standard four-dimensional wormhole 

■ whose throat section is a 3-dimensional sphere and due to its high symmetry such an object admits the rigorous 
' mathematical treatment (analogous to Q). In the present paper we model the spacetime foam by a gas of wormholes 
. in Euclidean field theory and investigate the simplest spacetime foam effects. 

I ' We point out that the interest to Euclidean wormholes is not new. There was a wide investigation of Euclidean 
T-H , wormholes or baby universes in connection to topology changes and the loss of quantum coherence [^,01 -^ee also [1]. 

■ The results of observations of neutrino oscillations and other oscillations [l^ {i^r ^ i^fj., K -ir^ K, etc.) Q suggested 
I [ that there are severe constraints on the magnitude of processes of the actual changing the topology as it was predicted 

^ ■ by and that such processes at the present time are strongly suppressed. Those however do not forbid the origin 
of wormhole-like structures as discussed by (loj . In turn, this also means that changes in the topology in the modern 
Universe can be only virtual (i.e., the space-time foam). 
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II. THE STRUCTURE OF A WORMHOLE 



In the Euclidean field theory the simplest wormhole can be constructed merely by a gluing procedure fu\ and is 
described by the metric (a = 1, 2, 3, 4) 

ds^ ^ h^{r)dapdx"dx'^, (1) 

where h{r) = 1 + 6* (a — r) — 1^ and 9 (x) is the step function. Such a wormhole has vanishing throat length. 
Indeed, in the region r > a, h — 1 and the metric is flat, while the region r < a, with the obvious transformation 

2 

?/" = p-a;", is also flat for y > a. Therefore, the regions r > a and r < a represent two Euclidean spaces glued at the 
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surface of a sphere with the centre at the origin r = and the radius r = a. Such a space can be described with 
the ordinary double- valued flat metric in the region r± > a hy 

ds^ = Sapdx'^dxj., (2) 

where the coordinates describe two different sheets of space. Now, identifying the inner and outer regions of the 
sphere allows the construction of a wormhole which connects regions in the same space (instead of two independent 
spaces). This is achieved by gluing the two spaces in ([2]) by motions of the Euclidean space. If R± is the position of 
the sphere in coordinates x^., then the gluing is the rule 

x1 ^ Rl + Ai;, {x-'_ - R-'_) , (3) 

where S 0(4), which represents the composition of a translation and a rotation of the Euclidean space (Lorentz 
transformation). In terms of common coordinates such a wormhole represents the standard flat space in which the 
two spheres S^. (with centers at positions R±) are glued by the rule We point out that the physical region is the 
outer region of the two spheres. Thus, in general, the wormhole is described by a set of parameters: the throat radius 
a, positions of throats i?±, and the rotation matrix A(j e 0(4). 



III. THE GREEN FUNCTION FOR A SINGLE WORMHOLE CONNECTING TWO SPACES 



In the Euclidean field theory the Green function obeys the Laplace equation 

{-A + CR + m^)G{x,x')^'iTT^S{x-x') (4) 

where m is the mass, R is the scalar curvature, A — -^^a{^/gg°'^^fs), and gap is the metric. In the Euclidean 

space the metric is fiat (jr^^ = SajS and the above equation has the well-known solution Go{x,x') — ^ mT''^ ' '^here 
= {x — x'Y and Ki(x) is the modified Bessel function. When considering a space with a wormhole the metric 
cannot be chosen everywhere flat and the exact form of the Green function depends on the specific structure of the 
wormhole. In the present section we construct the Green function for the simplest wormhole connecting two Euclidean 
spaces which is described by the metric ([1]). In this case the equation (U) admits the exact solution. 

Indeed, consider four-dimensional spherical coordinates r, x, 9, connected to the cartesian coordinates by 



X = r sin X sin cos (/), y = r sin x sin sin (5) 
z — rsinxcos^, t = rcosx- 

where < r < oo, < < 27r, and < Xi ^ < ^- The square of the element of length in this coordinates is 

ds^ = (r) {dr^ + [dx^ + sin^ x {dO^ + sin^ Odcf^)]) . 

For the Laplacian operator in spherical coordinates in a four-dimensional Euclidean space applied to a scalar / we get 

1 d f,^,df\ , 1 



^ r^h^ dr \ dr ) ^ r'^h'^ ^^"^ 

where Aq/ = f:^ is the angular part of A (J7 = (x,0, 0)). The angular part of / can be written in terms of four 
-dimensional spherical harmonics / — fnimQnim e.g., see Ref. where 

[n — 1,2,...) which can be decomposed as Qnim{^) = <limYim{0, (j))Tlni{x)j where are normalization constants, 
Yim{0,4') a-re the usual three-dimensional spherical harmonics, and 

TT / N ■ I d'-+^{cosnx) „ 
d(cosx)^ 

(In particular, the most symmetric scalar spherical harmonic corresponds to ^ = and has the form Q = ^l^^^ , 
n = 1, 2, 3, ...). These functions obey the normalization conditions 

/"TT />27r 

sin xdx / sin^d^ / d(l)Q^i^{ft)Qn'i'm'i^) ^ S 

nn' ^mm' 
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and the completeness condition 

-1 I 



E E E Q*nl,nmQnlrn{n') = . / . M il - O'). 

The Euchdean Green function (for m — case) has the decomposition 

oo „_i 

Go(a:,x') = ^^-^ = E^Q"(x)- 

^ ' n— 1 > 

where x> and x< are the biggest and smahest value of x, x' respectively and we have used the composition theorem 
for spherical harmonics 

= ^ E E QnlrnmQnUn) (6) 
1=0 m=-l 

where x is the angle between the vectors x and x' . 
Consider the decomposition of (5-function as 



n=l 1=0 m= — l 

Then we may represent the Green function in the same form 

oo n— 1 I 

G{x,x') = J2J2 E Q:um{^')9n{r,r')Q,uram 

n— 1 m=~l 

which gives from Q 
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Here the scalar curvature with the metric ([T]) is [ll| (the step function at the junction requires considering distributional 
curvature etc., see details in [l3l |) 

R = -—S(r-a). 
a 

Consider the region r > a which corresponds to the first sheet of the Euclidean space. Then h = 1 and if r 7^ r' 
the above equation gives 

1 H fl« = 



dx"^ X dx 

where x — mr. The substitution g — f/x transforms it into the modified Bessel equation 

d^f 1 df 



dx^ ' X dx \ ^ x^ J ^ 

whose solutions are the modified Bessel functions In{x) and Kn{x) and therefore we find 

^ Injmr) Knjmr) 

Qn — H 02 . \a) 

mr mr 

2 

In the region ?' < a we use the coordinate transformation y°' = f^x" which does not change the angular dependence, 
while it transforms r — >■ r — a'^/r. Thus the region r < a corresponds to the second sheet of the Euclidean space 
r > a where we get the same solution (|H]) , or 

~ /„(maVr) ~ j^„(maVr) 

gn = 77 H 02 5-; — . [y 

ma'^/r ma'^/r 
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We recall that these functions has the well-known asymptotic as a; — 

a; 2r(n+ 1) V2/ ' a; 4 V^j 

and as a; — > oo 

Ux) ^ f + o(x-3/2)) , i^„(x) ^ (l + o{-) 



27ra; / y 2a; \ x 

Now to get the solution to ([7]) we have to consider the three regions 0<r<a, a < r < r' , and r > r' where the 
solution has the form ^ and ([5]) respectively, and match this functions by the boundary conditions. At the boundary 
r = a and at the source r = r'we get 



dgn 
dr 



a+O 12 

a-O a 



dgn '^'+° _ 47r2 
dr r'-o r'''ft,^ 

g„(a - 0) = 5„(a + 0) 
5„(r'-0) =5„(r' + 0), 

while the two more boundary conditions we get from the requirement g — >■ as r, r — )• oo, which give as r < a 

gn — C 72 

m— 

r 

and as r > r' 

gn = c ; — . 

mr 

The jump of derivatives at positions r = r' and r = a means the presence of sources. At r — r' we have the standard 
external source from the right hand side of (O, while at r = a the source generates due to the curvature. The explicit 
form of the function g^ in every of regions is 

A — ^ i ' as < r < a; 



gn — \ j^ Injmr) _|_ ^ K„{mr) 

D 



^^nyrnr, ^ ^^^^ as a < r < r' ; 

Kn{mr) 



mr 



where the coefficients are expressed as 



B = 47r 



2 2Kn{mr') 



In 



J„(ma) Kr,{ma) \\' 12 > /„(ma) 
_rna ma J J a S 



^ \ \ /_/ ma ^ 



D = C + 47rW^^ 
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A = -C 



V ma / a ^ — — 

\ / ma 

\ ma I a^ 



Kji {ma) 
ma 



B 



where 



/ KJjna)\' 
\ ma J 



— — Kn(rna) rpj^^^ j ^j^^ Green function the expressions as r < a 



da ma 



and as r > a 



where 



gn = {Pn{a,r') - a„(a,r'))5« ir,a) 
9n = 9° {r, r') + a„(a, r')^" (?■, a) 



a„(a, r') 



f /„(ma) g„(ma) \y 12 > /^„(mr') 
ma ma J J a S 



hi 



/i'ji (ma) 



/C^i {ma) 
ma 



/3„(a,r') = - 



(^^Mm^y +6^ K^(mr') 



and gJJ is the standard Euchdean Green function which is given by 



9n {r,r) ^Att m 



where r> and r< denote the biggest and smallest value of r and r' respectively. 
In the massless case m = we find UM as r < a 



6C- 1 



and as r > 



(6C-(7^+l)) 6C-(n+l)y Vr' 
6C- 1 



(6C- (n + 1)) Vr' 
where (7j^ is given by (|12p . Or explicit expressions as r < a 



2n n + 1 — 6C \r'r / Vr'r 



9 \ ri— 1 

a \ /a 



and as r > a 



A,.. . ill f-LV f n 



4tt^ 1 ~ 6C 
'2n n+ 1 -6C 



(10) 



(11) 



(12) 



In particular, conformal coupling corresponds to C = 1/6 and in the region r > a we get Ag„ = as it should be. 
In this case the Green function can be constructed by the image method (e.g., in three dimensions such an approach 
was used in [^) or by conformal transformation of the standard Euclidean Green function. In the case of minimal 
coupling C = gst the expressions presented in [ll| . 

In what follows we shall compare this solution with the case when the wormhole is absent. Then the total space 
consists of a couple of sheets of the standard Euclidean spaces ^^'^ ^- the total Green function consists also 
of the two parts Gq and Gq . Let the source belong to the first space x' e R^. Then we get Gq = 0, while Gq 
corresponds to the standard Euclidean Green function Go, i.e. (jl2p . In the presence of the wormhole it is convenient 
to extract the part related to the standard Green function, i.e., to define the difference G = Go + AG. Then in the 
region r > a (i.e., as x = x-^- E R'^) and in the region r < a (i.e., r > a, or x = x- G i?l) we get the expression 

^9t = \ iMa, r') ± (2a„(a, r') - /3„(a, r'))) gl (r, a) . 
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IV. THE BIAS OF THE SOURCE, PARTIAL AMPLITUDES 

In this section we find the charge density generated on the surface of the wormhole throat. To this end we consider 
the equivalent problem. Indeed the true Green function obeys the equation (we recall that in the Euclidean space 
i? = 0) 

-(A - m^)G+ {x, x') = 47r2(J(.T - x') + b+{x, x')) 

as x, x' S R\ and 

-(A - m^)G- {x, x') = At:H^{x, x') 

as a; G i?^. The physical region corresponds io r±> a in both spaces. Thus we find 

G±{x,x')^G^{x,x')+ AG± {x, x') 

where Gq = since x' G i?* and G'^ — Go is the standard Euclidean Green function. The additional sources are 
generated on the surface of the sphere r = a and therefore 

b±(x, x') = a±(x, x')^S(r — a). 

Consider the decomposition 

a±{x,x') = ^(J^^^{a,x')Qr,hn{^) (13) 
where f2 is the angular part of the coordinates x. Then we find 

AG±(x,2;') = j Go{x,x")a±{a,x')^5{r" ~a)d'^x" 

or substituting the decomposition ([T3l) and 

Go(x, X')=Y, QlunWn {r, r') Qnlrnin) 

we find 

AG±ix,x') - jY,Qnlm{^")9nir,r")QnlmmX 

X E4r™'(«'2;')g„'r™'(r!") jj'5(r" - a)d^x" 

AG±ix, X') = J2 <^nlmi^^ ^')9n i^, Qnhni^) 

Comparing this with the solution constructed in the previous section, i.e., 

AG±ix, a:') = ^ E (^»(°' ± (2a„(a, r') - /3„(a, r'))) Q*ni^in')g° (r, a) Q„/™(0) 

we find 

•^iimi^^ = I (Ma, r') ± (2a„(a, /) - /3„(a, /))) Qli^m. 
Thus the bias takes the form 

CXJ 

h±{x, x') = -5{r - a) V 5±(a, /)g„(x), (14) 
a-^ ^ — ' 

n— 1 

where 

6±(a, r') = (/3„(a, r') ± (2a„(a, r') - /3„(a, /))) (15) 
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and X is the angle between x and x' e.g., see Thus, we see that the true Green function can be obtained by means 
of solving the standard equation in the Euclidean space with the biased source. Indeed, every source generates a set 
of additional sources on the inner and outer sides of the throat surface by the rule 

S{x — x) — > 6(x ~ x') + b{x, x) (16) 

where b{x,x') — b+{x,x') on the outer side of the throat surface (with respect to the source) and b{x,x') = b-{x,x') 

on the inner side respectively. Since coefficients b^ include a small parameter J„ = ^"^J" / ^"^T"'' '^^lich in general 

case Sn ^ 1 (e.g., in the massless case it is merely (p-)"^^), in practical calculations this allows us to restrict with 
smallest terms {n ~ 1,2) only. 



V. THE BIAS FOR A WORMHOLE CONNECTING REGIONS IN THE SAME SPACE 

Consider now a wormhole which connects two regions in the same Euclidean space. The rule (|16p allows to construct 
the exact Green function in this case as well. In this case both spaces Rj_ are glued by the rule ([3]) and the true Green 
function obeys to the standard equation with the biased source 

-(A - m^)G (x, x') = in^iSix - x') + btot{x, x')) 

where the total bias btot is constructed by the iteration procedure 



J2^s (17) 



s=0 

as follows. Let R± be the positions of the wormhole throat in the space. Then in the leading order the source 5{x — x') 
generates the bias in the form 

bo{x,x') = b+{x,x') + b~{x,x') (18) 

where 

^ oo 

b^{x,x') - ^^5(r± -a)6+(a,ri)g„(x±) + '5(r^ -a)&;;(a,ri)Q„(x'T) 

n=l 

describes the bias generated with respect to S'l_ or respectively. We also use here the obvious definitions r± — 
\x±\ = \x — R±\, r'j^ = \x'^\, cosx± — ('^±'^±^), and cosx± = ("±(A^"^)i^"-Ii:i:) (" = x/r). This bias takes the 
structure 

bo{x,x') = -^p^{x,x')S{r+ - a) + -^p^ {x,x')S{r^ - a) (19) 

where Pq{x, x') — J2 (^j ^±)<3n(x±) + b^{a, r'-^)Qn{x'±) are the surface densities generated on S"^ 

In the next order every source on generates additional sources by the same scheme ([18)) (e.g., see (H) and this 
defines the next orders bias as 

bs{x, x') = b^{x, x') + b~{x, x') 

where 

bt{x,x')^ J b^{x,x")pUi^",x')^S{r'^-a)d^x" 

and pf is defined by bf via the relation Thus, we get the iteration scheme for constructing the total bias 

btot[x,x') and the total Green function Gtotai{x,x') = Gq + J Go{x,x")btot{x" ,x')d'^x" . We point out that the 

decomposition of the bias (IT71) includes a small parameter S < ^ ^'fl^'' / ^wta""* — '^^/^^ ^ 1j where R = \X\ and 
X ~ — i?_ is the distance between throat centers and, therefore, the iterations converge very rapidly. 
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VI. THE BIAS IN A GAS OF WORMHOLES (THE RAREFIED GAS APPROXIMATION) 

The exact form of the bias for a gas of wormholes is constructed by the same scheme described in the previous 
section and consists of the two steps. First, one has to define the bias for a single wormhole ([T71) and then one may use 
iterations. Let ^ = (a, R±,A) be wormhole parameters and, therefore the bias ^T7} is a function of ^ i.e., btoti^, ,£,). 
Then in the first approximation the bias is merely the sum 

A 

In the next order every first order source generates additional sources (multiple scattering of the basic signal) as 

blasi^,x')^J2 I hot{x,x" ,e)hot{x" ,x' ,e)d'x" (20) 

etc. By iterating this procedure we may find the exact form of the bias for the gas of wormholes 

hgas{x,x') ^^bl^,{x,x'). (21) 

In the present section we shall consider a dilute gas approximation when characteristic parameters a^/r''^, a? j B?, 
and / R\g ^1. In this case it is sufficient to retain in the lowest n = 1 (monopole) term only and neglect 
mutual scattering between throats of wormholes (i,e, retain s = term in (fT7|) and (|2T|) . e.g., see for details Ref. [5^). 
Then the bias for a single wormhole takes the form 

&0(x,x',C) = ^5{r+-a) (6+(a, r^) + 5^ (a, /)) + ^5{r^ - a) (6r(a, r^) + 5+(a, / )) (22) 



where b^ is given by (llSp i.e., 

b°{x,x\S) = \ ^ 5{r+-a) {ai{a,i\) - ai{a,r'_) + ^i(a, rL)) + \ ^ 5{r^-a) (ai(a, r'_) - Q!i(a,r^) + I3i{a,i\)) 

(23) 



where ai(a,r) and /3i(a,r) are given by ([TU)) and (dJ). 

In the rarefied gas approximation the total bias is additive, i.e. 



btotaiix, x') = ^°(^' = / OF{£.)d^, (24) 

where F is given by 



N 



A=l 

b%x, x') = J ^^^i\x -R+\-a) (ai(a, \x' - i?+|) - ai(a, \x' ^ R-\) + /?i(a, \x' - i?_ |)) F{Od^ + (+ O -) (26) 

Fist, we point out the obvious symmetry of F (^) in the replacement (+ -;-> — ) which means that the two above terms 
coincide. Then, we transform R± — a;' — R± which gives 

b°{x, x')^2 I —^5{\x -x' - R+\ - a) (ai(a, \R+\) - ai(a, \R-\) + /3i(a, \R-\)) F{a, R+ + x',R- + x')dS,. (27) 

For a homogeneous and isotropic distribution F{^) = F{a,X), X = i?+ — i?_ then for the bias we find 

^°(- - 2 / fi|4^(|x - - R,\ - a) - (l - ^) (28) 

J 2TT^a-^ \ mR^ \ ai[a) J mR^ ) 

where Qi(a) ^^'^^^^ = ai(a, |i?+|), etc.. For the Fourier transform 6 (A:) — J b (x) e^'^^ x and F{a,k) — 
J F{a.X)e'^'-'d^x we get 

htotai{k) = -j,^^v{k) (29) 
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- (fc) = - / ^ («, 0) - f 1 - F (a, k)) ^-l^da, (30) 



where 

ai(a) / ' / A:a/2 

and we used the obvious properties m^^^^^ = J wT^^~''"'-0^ and / e''=«(5(|2/| - a)d^y = 2n^a^^^^. 

The bias is defined in the linear approximation only. Now by the use of iterations (pn| . (PT|) we find N{k) = 
1 + btotai{k) + bf^taiik) + ... and true Green function in a gas of wormholes becomes 

G.ru. = Goik)Nik) = ^^^^J^^-^^. (31) 

At sufficiently large scales 2n/k :s> £pi ^ a, \R+ — R-\ we can expand the function i' (fc) as [k] ~ v (0) + ^ i^" (0) k'^ 
which defines the renormalized Green function as 

Gren {k^ 



k^ + M^ 
where 

Z = l/(l + ii."(0)) 

defines the renormalization of charge values due to the polarization of the gas of virtual wormholes and 

M2 ^ (^2 4^2^ (0))/Z (32) 

that of the mass. We point out that in general z/ (0) possesses both signs depending on the sign of (. At very 
small scales fc — >■ oo the function v (k) defines the spectral density of states of the scalar field [ll| as N (fc) = 
+ rn2) /(fc2 + m2 + An^iy (fc)). 

The spacetime foam picture assumes that typical virtual wormholes have throats a < ipi ^ lO^^^cm and therefore 
we can restrict to the case when ma <C 1. Then in the limit ma — we find[l7{ ai(a) = — 2(S^) ''^i(^) ~ 
2(^i^^Q m^a^ and the function v (fc) becomes 

f 2 F{a,k)-{l-6C)F{a,0)J^{ka) ^ 

The non-minimal coupling ^ 7^ generates an additional source at wormhole throats, which in the case m — Q 
brakes the Gauss theorem {§ ^dS = — 47r^). Therefore, it is convenient to split the bias into two parts i^(fc,C) = 
V (fc, Q) + ji (fc, C) where the first part is 

' -.2 fj:.r^ r.^ T:^f.. (M . 

and the second part is 



y (fc, 0) = j a' {F (a, 0) - F (a, fc)) -^^da (34) 



M (fc, c) = - / [(^ («' («' 0))] ^i/l^'^"- 

In the long wave limit fc one gets F (a, k) k, F (a, 0) + ^F" (a, 0) fc^ (for the isotropic distribution of wormholes 
F' (a, 0) = and F" (a, 0) < 0) and one gets 

u (fc, 0) « fc2 / a2 (--P^"K0)) ^^ ^gg^ 



i.e., V (fc, 0) — !> 0, as fc — > which in the massless {C, = 0) case defines a partial screening of the source (e.g., see |Tll |) 
N (0) 1/(1 + 27r^ J {~F" (a, 0)) da). The second part may describe the so-called dark source 

M(0,C) = -(Y-^y' a^F{a,0)da 
whose sign depends on the value of and which generates or merely renormalizes the mass p2p . 
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VII. SUMMARY 



Consider first an example of a finite density of wormholes. 

In the case of a finite density of wormlioles the space remains to be Euclidean at very small scales and therefore 
N{k) — )• 1 as fc — )■ oo. To illustrate this we consider now a particular form for F (a, X), e.g., 



F{a,X) = 



5{a - ao)5{X - ro), 



(37) 



where n = N /V is the density of wormholes. This function corresponds to a set of wormholes with the fixed 



throat size oq and the distance between throats rp = \R+ — R-\. Then F{a,k) — J F{a,X] 



F{a, k) = n:^^^5{a - ao). Thus from ^ we find 



v{k) = -2n 



ai(ao) 



^ _ Pijao) \ Ji{kro) \ Ji (fcap) 
ai(ao)/ kro/2 J fcao/2 



reduces to 



(38) 



In the limit ma ^ 1 we get (compare with the analogous expression in jllj ) 

/, ^^ 2 Jiikro)\ Ji (fcflo) 



(39) 



M(fc,C) = - 



3C 



(1-30 



Ji(fcro)\ Ji (fcflo) 



As fc ^ we get Ji(fcro)/^ « 1 - U^)^ 



2 V 2 / ' • • • which gives 



Kfc) 



-,2^2 



8(1-30 



k' 



kra/2 J kao/2 



(40) 



1 - 3C 



Which defines Z = 1/ (l 



AiT^na? j^^*^. )/Z . Thus, we see that in the long-wave limit 



(ka, kro <C 1) the presence of a particular set of virtual wormholes renormalizes merely the value of the charge and 

Jl(£) 

z/2 



mass values. In the short-wave limit /c — > oo we get 



cos (z — 37r/4) -t- ... and (fc) — ?► as 



uik) 



na 



(1-30 



1 - 6C- 



TT {kroY 




TT (/cao) 



cos kaQ 



37r 
T 



(41) 



i.e., the bare parameters of the field theory restore Z — > 1 and M — > m which means that in the presence of a finite 
density of wormholes at sufficiently small scales space looks like the ordinary Euclidean space. 
The case of limiting topologies or infinite densities of wormholes 

Consider now the limiting distribution when the density of wormholes n — > oo. Since every throat cuts the finite 



portion of the volume 



this case requires considering the limit a — >■ 0, i.e., wormhole throats degenerate into 



points and the minimal scale below which the space looks like the Euclidean space is merely absent. We assume that 
in this limit a^F{a, X) = 5 (a) f {X) where / {X) is a finite specific distribution. Then (p3| reduces to 



i^(fc)- /(o)-/(fc) - 



3C 



(1-30 



/(fc) + /(o) 



where f (k) = J f {X) e^^-^ d'^ X (in particular, for conformal coupling C, — ^ we get simply v {k) = — 2/(fc)). Now if 
we require that / (fc) is chosen in such a way that 



(x - a;' = 0) = 



47r^ 



d'^k 



B + m? + Att'^v {k) {2'Kf 



< oo. 



then quantum field theory in such spaces turns out to be finite. We recall that upon continuation to the Minkowsky 
space the Euclidean Green function transforms to the Feynman propagator G{x — x') — A7T^Dp{x — x'). In other 
words we get here a class of limiting topologies where Green functions (|31|) Gtme or the Feynman propagator Dp 
have a good ultraviolet behavior and QFT is free of divergencies, e.g., see jl4l. Iisl. We also point out that the explicit 
form of v (k) can be found numerically in the lattice quantum gravity e.g., see [2tJ] and references therein. 
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